Abstract. Multi-tilde-bar operators allow us to extend regular expressions. The associated extended expressions are compatible with the structure of Glushkov automata and they provide a more succinct representation than standard expressions. The aim of this paper is to examine the derivation of multi-tilde-bar expressions. Two types of computation are investigated: Brzozowski derivation and Antimirov derivation, as well as the construction of the associated automata.
Introduction
Regular expression word derivatives have been introduced in [5] by Brzozowski in order to compute language quotients via expression derivatives: for any word w, the language denoted by the derivative of a regular expression E w.r.t. w is the left quotient of the language denoted by E w.r.t. w. Regular expression derivation plays a fundamental role in theory of automata. In particular, under the assumption that the set D of all the derivatives of a regular expression E is finite, it is possible to construct a FA (finite automaton) with D as a set of states that recognizes the language denoted by E.
Word derivatives handle unrestricted regular expressions; they are themselves expressions and they provide a DFA (deterministic finite automaton), as far as the ACI (associativity, commutativity and idempotence) properties of the sum of two expressions are used. Alternative types of derivation have been designed since Brzozowski's seminal work. Partial derivatives, due to Antimirov [2] , only address simple regular expressions; they are sets of expressions and they provide both a DFA and a NFA (non-deterministic finite automaton). Antimirov derivatives have been recently extended to unrestricted regular expressions [10] ; extended partial derivatives are sets of sets of expressions and they provide a DFA, a NFA and an AFA (alternating finite automaton) [11] . Some derivations are based on the linearization of the (simple) input expression: let us cite the continuations of Berry and Sethi [4] , the c-continuations of Champarnaud and Ziadi [14] and the derivatives of Ilie and Yu [18] . Let us mention that Antimirov derivation has been extended to the case of weighted rational expressions [21, 13] .
As reported in [2] , the concept of derivation has been successfully used to investigate the properties of regular expressions [17, 15, 7, 20, 3, 1] . More recently, Brzozowski introduced a new approach for studying the state complexity of regular languages, based on the counting of their quotients (or of their derivatives) [6] .
Moreover, derivatives provide a useful tool to implement regular matching algorithms [23, 16] , or scanner generators as reported in [22] .
A close topic is the derivation of new operators that extend regular expressions. For example, the computation of the derivatives of an approximative regular expression (that denotes a languages at a bounded distance from a given language) has been presented in [12] . The aim of this paper is to investigate the derivation of the multi-tilde-bar expressions introduced in [8, 9] . These expressions are built upon simple operators and multi-tilde-bar operators and their main interest is that they are compatible with the structure of Glushkov automata and more succinct than standard expressions. We provide formulae for the computation of word and partial derivatives of multi-tilde-bar expressions and investigate the properties of these derivatives.
The next section gathers classical notions concerning regular languages, regular expressions and finite automata; it also recalls the definition and main properties of multi-tilde-bar operators. The definition of the quotient of the language of an extended to multi-tilde-bar expression is introduced in Section 3. Section 4 is devoted to the computation of the Brzozowski derivatives of an extended expression and Section 5 to the computation of the Antimirov derivatives. In both cases, the construction of the associated automaton is provided.
Preliminaries
We recall some definitions and notation concerning regular languages, regular expressions , finite automata and multi-tilde-bar expressions. For further details about these topics, we refer to classical books such as [24] .
Languages, Regular Expressions and Automata
An alphabet is a finite set of symbols. Given an alphabet Σ, any subset of Σ * is a language over Σ. The set of regular languages over Σ is denoted by Reg(Σ * ) and is defined as the smallest family of languages containing ∅ and {a} for every symbol a in Σ and closed under union, catenation and Kleene star. A regular expression E over an alphabet Σ is inductively defined by E = 0,
with a a symbol in Σ, and F and G two regular expressions over Σ. The language denoted by a regular expression is inductively defined by
with a a symbol in Σ, and F and G two regular expressions over Σ. By construction, the language denoted by a regular expression is regular. The alphabetic width |E| of E is the number of occurrences of symbols of Σ appearing in E. A finite automaton A is a 5-tuple (Σ, Q, I, F, δ) where Σ is an alphabet, Q is a finite set of states, I ⊂ Q a set of initial states, F ⊂ Q a set of final states and δ ⊂ Q × Σ × Q a set of transitions. The set δ can be seen as a function from 
The Multi-tilde-Bar Operators [8, 9] The unary operators tilde, denoted by , and bar, denoted by are defined for
They are extended to multi-tilde-bar operators, which are applied to a list of expressions, according to the following definitions.
Let n be a positive integer. For convenience, the list (
Let us notice that a renumbering is performed for the computation of S ≥k . A list S is said to be free if for all pairs
. . , L n be n nonempty regular languages over Σ and w be a word in
Multi-tilde-bar operators are a natural combination of multi-tilde and multibar operators [9] . The respective role of tildes and bars is explicited in the two following definitions. 
Bars are used to forbid some combinations of tildes. Consequently, the satisfaction of a bar by a sequence has to be defined with a list of tildes as a context. 
t. T if at least one of the three following conditions is satisfied:
(
1) there exists a pair t in T such that t overlaps b, (2) there exists a pair t in T such that b is included in t,
According to the two previous definitions, the language denoted by a multi-tildebar can be expressed as follows: 
Definition 3 ([8]). Let E 1,n be a list of expressions over an alphabet Σ and L be the list (L(E 1 ) ∪ {ε}, . . . , L(E n ) ∪ {ε}) of languages. Let B and T be two lists in S n such that B ∩ T = ∅. The multi-tilde-bar E =
The language denoted by E 1 is the set
Definition 4. Let Σ be an alphabet. An Extended to multi-tilde-bar Regular Expression (EMRE) over Σ is inductively defined by:
where E 1 , . . . , E n are any n EMREs over an alphabet Σ, a is any symbol in Σ and T and B are any two disjoint lists in S n .
Definition 5. An EMRE is said to be total if and only if for any of its multitilde-bar subsexpressions
T ;B E 1,n it holds T ∪ B = 1, n 2 ≤ .
Lemma 1 ([8]). Any EMRE admits an equivalent total one.

Quotient Formulae
We now recall the inductive computation of the quotient w −1 (L) of a language L w.r.t. a word w in Σ * , that is the set {w ∈ Σ * | ww ∈ L}.
Lemma 2. Let L be language in Reg(Σ * ) and w be a word in 
r.t. w is inductively computed as follows:
.
Corollary 1. Let E =
T ;B E 1,n be a total EMRE over an alphabet Σ and let a be a symbol in Σ. Then:
Word Derivatives of an EMRE
The set of all the word derivatives of a regular expression can be infinite. However Brzozowski derivation yields a finite set of derivatives (called dissimilar derivatives) based on the use of the + ACI operator that is associative, commutative and idempotent. We extend these results to the case of EMREs and give the construction of the dissimilar derivative DFA of an EMRE.
Definition 6.
Let E be regular expression over the alphabet Σ and w be a word in
where F and G are any two regular expressions over the alphabet Σ, a and b are any two distincts symbols of Σ and w is any word in Σ * .
Definition 7. Let E =
T ;B E 1,n be a total EMRE over an alphabet Σ, let a be a symbol in Σ and w be a word in Σ * . Then:
E2,n 
Proposition 1. The derivative of an EMRE E w.r.t. a word w denotes the set
We now define the partial derivatives of a total EMRE.
Definition 10. Let E =
By definition, a partial derivative of an expression E is a set of expressions and each of these expressions is called a derivated term of E. We show that the set D E of all the derivated terms of an EMRE E is finite and we give the construction of the derivated term NFA.
Lemma 4. Let E =
T ;B E 1,n be a total EMRE over an alphabet Σ and let w be a word in Σ + . Then:
Proposition 5. Let E be a total EMRE . Then: (#D E ) ≤ |E| + 1.
Definition 11. Let E be an EMRE over an alphabet
The automaton A is the derivated term NFA of E.
Proposition 6. The derivated term automaton of an EMRE E recognizes L(E).
Example 3. Let us consider the total EMRE E 1 = ( a * b )( b * a ) · a * defined in Example 2. Successive derivated terms of E are computed as follows: 
Conclusion
We have shown how the Brzozowski derivation and the Antimirov one can be applied to the case of (simple) regular expressions extended to multi-tilde-bar operators. The computation of the c-continuations for such expressions has been already investigated even though it is not presented here. The main interest of c-continuations is that they allow us to efficiently implement Glushkov and Antimirov NFAs. We also intend to generalize these derivations to the case of unrestricted regular expressions extended to multi-tilde-bar operators.
